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1. Introduction 

We put M = {0, 1, 2, • • • } and N = {1, 2, • • • }. For each fc G M and a congruence 
subgroup r of SL2(Z), let Mk{r) be the space of all modular forms of weight k 
with respect to T. The main aim of this paper is to study the M-graded ring 

M{r) - Mk{T) 

for certain F. The 2M-graded ring A^(ro(A^)) is studied in 8 , and we follow the 
methods of the paper. We regard A^(r) as a subring of C[[(7]], where q = e^"^'^^ 
{z £ Ti), via the Fourier expansion. 

We also study the modular forms of half-integer weight and the ^M-graded ring 

for certain F. 
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2. PREPARATIONS — GENERAL THEORIES 

2.1. actions. Put 

GL+(Q) = {{-b^)\a,b,c,deQ, ad-boO}, 
and define the action GL+(Q) ^ GL+(Q) by 

7 < a = a~^^a. 

For example, we see 

( a b\ ^ ( h 0\ — ( a b/h\ 

{ a b \ ^ { 1 h \ / a—ch ah+b—ch^ — dh \ 

\ c d) ^ \0 1 ) — \ c d+ch '■ 

Fut'H = {z gC\ Imz > 0}, and define the action GLj(Q) rxUhy 

I a b\~ az+b 

\cd)^ — cz+d- 

In addition, put OCH) = {f : H ^ C \ f : holomorphic}, and define the action 
Oin) ^ GL+(Q) by 

if\kl)iz)^{cz + d)->^f{jz). 

2.2. graded rings. We say a ring R is graded if it is decomposed into a direct 
sum of C-vector spaces i? = i?fe such that RkRi C Rk+i for all k,l e M. In 

this paper, we only deal with the case Rq = C. For example, C is graded as 
Cfc = {0} for fc G N. Moreover, for a graded ring i? = i?/; and ni, • • • , e N, 

k 

we define S = R[Xi, • • • , Xm]^"-^'"' to be a ring R[Xi, • ■ ■ , X„i] which is graded 
as Xi e Sm- For R— i?^, we define a graded- ring i?2M = ® Rk- 

keM ke2U 

For given graded rings i? = and S = /S/c, a ring homomorphism 

fcGM feeM 

f : R ^ S is said to be graded if ,f{Rk) C Sk for all k G M. In the sequel, every 
homomorphism is meant to be graded. 

2.3. modular forms. For A: G M and F C SL2(Z) such that T{N, 1) C F for some 
N, put 

A^fe(r) = {/ e 0{n) I V7 G F./|fe7 = /, / : holomorphic at Q U {oo}}, 
MiT) = Mk{T). 

keM 

Via the Fourier expansion, we regard 

MiT) C C[[q]]. 

For a G GL^(Q), we may construct the isomorphism of C-vector spaces 

\ka:Mk{r)^Mk{r<a), 
and the isomorphism of graded rings 

|Q! = Ifca : M{T) M{T < a). 

k 

In particular, for h GN,we write /^'*^ = /|o( o i )• Moreover, for / G l-|-a5-|-C[[g]]g^, 
we define 
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2.4. congruence group. For N and a subgroup G of Z/N^ , put 

ToiN) ^ {(-b^) eSUm\y{c) = 0}. 

WG) = {(2^)ero(7V)|^Ar(d)eG}. 

where \]n is the natural map Z Z/N. We abbreviate Mk{N, G) = Mk{T{N, G)) 
and Mk{N) = A^fe(ro(iV)). For x ■ ^/N"" ~> C^, put 

MkiN:,x) = {.fe Mk{N, 1) | ./|fe(? ^) = for aU ^) € ToiN)}. 

Note 

ToW < (g?) Dro(/i7V) 
and A^(iV;x)<''^ (lMihN;x)- 
Lemma 1. We have 

Mk{N,G)= e Mk{N-x). 

X(G)={1} 

Proo/. Note MkiN, 1) = 0Xfc(Af;x) (cf. 2, §4.3] or 9, Proposition 9.2]). 

X 

Let / e Mk{N,G). We can write f ^ J2 fx with e 7Wfe(7V;x)- Then, for 

X 

each (° ^) e ro(iV), we see 

XX X 

If x(G) 7^ {!}, then we can choose integers a, b, c, d such that ( ° ^ ) G r(iV, G) and 
^ 1, therefore = 0. That is, / G MkiN; x). 

X(G) = {1} 

Conversely, if x(G) = {1} then we easily see MkiN, G) D MkiN;x)- D 
If X : Z/iV>< ]R><, we abbreviate &A^fe(iV;x) = A^fe(iV; x) © A^fe(iV; x)- 

2.5. Eisenstein series. For fc e M and neN, define akin) ^J^d''- For fc G 2N, 

d\n 

let be the k-th Bernoulli number and 

riGN 

then we see e A^a:(1) if /c > 4. For iV > 1, we put 

Gn = ^(A^Ef > - E2) G M2iN). 

We see 

E4 = 1 + 240 E <^3Wg", 

riGN 

E6 = 1 - 504 E CTsWg", 

Cp = 1 + ^ E (o"! * lp)('^)9" for prime p, 
C4 = 1 + 8 E (f^i * I2) + 2g2"), 

neN 

where (crfe * p)(«) = E pid)df' ■ Remark 

d\n 

= iv^(iVEf''> - E<''>) = i-((7V/,-l)C^, - ih~l)Gu). 
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If X ■■ '^/N'^ is primitive and fc e N such that x(-l) = let Bu,x be 

the generaUzed BernouUi number and 



nGN ^(i|n ^ 

Moreover if V' : Z/M^ — > is primitive and xV"!^!) = (^l)*^; then put 
See [21 §4] or [9l §5.3] for further details. We abbreviate f^ = fi;^- 
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3. PREPARATIONS —DATAS 

3.1. charcter and modular forms of weight 1. For n G N we put 
Remark 

a; = lV2 ^ a; + 1 = 0, 
X = 1^/* ^ a;^ + 1 = 0, 
a; = lV6 ^ a;2 _ a; + 1 = 0, 
X = 1^10 ^ - + - X + 1 = Q. 
Let P3 : Z/S"" -)■ M"" such that pz{-l) = 1^/^, then 

fp3=l + 6 E (ao*p3)(n)g". 

n6N\(3M+2) 

Let PA : Z/4^ such that p4(-l) = then 

fp4=l + 4 E (cTo*P4)(n)g". 

neN\(4M+3) 

Let X5 : such that X5(2) = 1^4^ and = xi, then 

f^,=l + (3-lV4) E(ao*X5)(n)g". 

Let X7 : such that X7(3) = 1^/^, and pr = Xj, then 

f^, = l + (3-2.li/«') E(<^o*X7)(n)9", 

fp, = 1 + 2 E (ao*P7)(n)«". 

7ieN\(7M+{3,5,6}) 

Let P8 : Z/8>^ -)■ such that p8{5) = psi-l) = l^/^ then 
fp8 = l + 2 E (c7o*p8)(n)g". 

neN\(8M+{5,7}) 

Let X9 : ^ such that X9(2) = 1^/^, then Xg = Ps, 

f^, = 1 + (2 - lV6) E(^o*X9)(n)(z". 

nGN 

Let xii : Z/11^ such that xii(2) = 1^^^°, and pn = Xii,then 

f^,, = 1 + (2 - 2.1 Vio + 2.12/10 - 13/10) J2 (ao * Xii)(n)g", 

f^s^ = 1 + (1 - iVio - iVio _ 13/10) ^ , x?i)(n)9", 

nGN 

fm=l + 2 E (ao*pii)(n)(7". 

neN\(llM+{2,6,7,8,10}) 

Let xi3 : Z/13^ such that Xi3(2) = 1^/^^ and pi3 = X13. 

Let xi6 : Z/16>^ ^ C>< such that Xi6(-1) = Xi6(5) = l'/^ then xle = PiPs, 

f^,, = l + (l-lV4) E(ao*Xi6)(n)9". 

nGN 

Let xi7 : Z/17'' such that Xi7(2) = l^'^^ and piy = X17. 

Let xi9 : -)■ such that Xi9(2) = 1^/^^ and pig = X19. 
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Let X23 ■■ ^ such that X23(5) = 1^/22 ^nd p23 = xM- 

(cf. i) 

3.2. decomposition. 

fXfc(3) iffce2P 



Mfe(3,l) 
A^fe(4,l) 
A^fc(5,l) 

>ffe(6,l) 
Mk{7,l)-- 



\Mfc(3;p3) iffce2M+l, 

_ fA4fc(4) iffce2M, 
~jXfe(4;p4) iffce2M+l, 

7Wfc(5) ® 7Wfc(5;p5) if fc e 2M, 
&7Wfe(5;x5) iffce2M + l, 

_ f7Wfc(6) iffce2M, 
~|Xfc(6;p3) iffce2M+l, 

' Mk{7)®kMk{7;x7) if fc G 2M, 
kMk{7;x7)®Mk{7;p7) iffcG2M+l, 

iMk{8)®Mk{8;p4P8) iffce2M, 
[MkiS; Pi) (B Mk{8; ps) iffce2M+l, 

M (9 1)^ Nfc(9) © kMk{9; xl) if ^ e 2M, 
' ^ \&^Mk{9;x9)®Mk{9;P3) iffce2M + l, 

(Mk{10)(BMk{10;P5) iffce2M, 
\kMk{lO;x5) iffce2M + l, 

fXfc(ll) ® &Xfe(ll; xli) © Xn) if ^ £ 2M, 

\&A^fc(ll; xii) © &A^fe(ll; X?i) © Mk{n;pn) if fc e 2M + 1, 

fA^fe(12)©A^fe(12;p3P4) iffce2M, 
\Mk{l2; ps) ® Mk{l2; Pi) iffcG2M+l, 

1X^(13) ® &7Wfe(13; x?3) © ^Mk{l3; xts) © MkilS; P13) if fc € 2M, 
\&A^fe(13;xi3)©&A^fe(13;Xi3)©&-^fc(13;xf3) if fce 2M+1, 

('A^fe(13)®A^fe(13;pi3) iffce2M, 
\&Xfc(13;x?3) iffce2M+l, 

f7Wfe(14)®&7Wfc(14;x?) if fc G 2M, 
\kMk{U;X7)®Mk{U;P7) iffce2M + l, 

iMkil5) ® A1fe(15; P5) © &Xfe(15; P3X15) if A: e 2M, 
[A^fe(15; P3) © &X(15; xs) © A^fc(15; paPs) if fc e 2M + 1, 

('A^fc(16) ®Xfe(16;p4P8) ©&Xfc(16;P4Xi6) if A: e 2M, 
[A^fc(16;p4)©A^fc(16;p8)©&A^fe(16;xi6) if fc e 2M+1, 



A^fe(10,l) 

Mkill,!)-- 

Mkil2,l) 

A^fe(13,l) = 

A^fe(13,(3)) = 
Mk{U,l) 
A^fe(15,l) 
Xfe(16,l) 
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M fl6 (9)1 = J-^fc^l^) ® -^^(1^; P*P^^ ^ ^ 2M, 
\Mk{l6;P4)®Mk{l6;ps) ifA:e2M- 



\MkilS) iffce2M, 
IXfe(18;p3) iffce2M+l, 



\&A^fe(25,X5) if A:e2M+l, 

3.3. dimension. Dimension formulas are well-known (cf. \2\ Theorem 3.5.1], [9l 
§6.3] or [7 ). For k e 2M, we have 



for k e 



dimXfc(l) = [A] + i_ j 

dimA^fc(2) = [|] +1 



if fc e 12M + 2, 
otherwise, 



and for fc £ N 



dimMfe(3,l)= [f] +1, 
dimA^fc(4,l)= [|] +1, 
dim>lfe(5, 1) = k + 1, 
dim7Wfe(6,l) = /j + l, 
dimAlfc(7, 1) = 2fc + l, 
dim7Wfc(8,l) = 2fc+ 1, 
dimA^fe(9,l) = 3fc+l, 
dimA4fe(10, 1) = 3A: + 1, 
dimA^fe(12,l) = 4A: + 1, 
dimXfc(13, (3)) = fc + 4[|] + 
dim>lfe(16,(9}) =4fc + l, 
dim7Wfc(18,(7}) =3fc + l, 
dim7Wfc(25,(6)) = 5k + l, 

dimA^fc(ll,l) = 5k, 
dim7Wfc(13,l) = 7fc - 1, 
dimXfc(14,l) = 6k, 
dimXfc(15,l) = 8fc, 
dimXfe(16,l) = 8fc-l. 



4.1. the case N = I. Put 
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then we see ai € q- 



<f and 

i=0 

A^m+4(1) = A^m(l)E4, 
A^m+6(1) = A1i2fe(l)E6, 

>ll2fe+8(l) = Ml2k{l)^l, 
Xl2fc+10(l) = yWl2fe(l)E4E6, 

l7Wi2fe+i4(l) =A1m(l)ElE6. 
Thus, we get the natural surjective homomorphism 

C[E4,E6][^'*^1 ^ A^(l). 

4.2. the case N = 2. Put a2 = E4(2), then we get 



,2(fe-i) j 
'2 

A^4fc+2(2) = A^4fc(2)C2, 



i=0 



and 



C[C2,a2]P'*l ^ A^(2). 



4.3. the case N = 3. We get 



A^3fe(3,l) = ©Cf33fc-'g|;,3, 

i=0 

Al3fe+i(3,l) = A^3fe(3,l)f^3, 
tM3fe+2(3,l) = A^3fc(3,l)e, 



and 



C[fp3,g3;P3]'''''-*A^(3,l). 
Note Cs = since C3 -f^^ e A^2(3) nC[[g]]g = {0}, and £4(3) = fp,g3;p^ similarly. 



4.4. the case N = 4. Put 



then we get 
Note C4 = il . 



ne2M+l 



C[f^,,a4]['''J ^ A^(4,l). 



Pi' 



AN EXPLICIT STRUCTURE OF THE GRADED RING OF MODULAR FORMS WITH RESPECT TO CERTAIN CONGRUENCE ( 

4.5. the case iV = 5. Put 

F5 = ^(fx5 + Q = 1 + E (^0 * (3Re+Im)x5)(n)g", 

Gs = 4^(fx5 = E (^0 * (Re-3Im)x5)(n)(7", 

neN 

then we get 

A^fe(5,l) = ©CF^^G|, 

i=0 

and 

C[F5,G5]t^'il ^A1(5,l), 



C[fx.,5;]'''-A^(5,l). 
Note C5 = fx,^. 

4.6. the case N = 6. Put Qe = f,93(2>5 then we get 

C[f^3,a6]''''l-^A^(6,1). 

4.7. the case N = 7. Put 



ar = + - i„) = E (^0 * i((5Sre+Sim)x7-2p7))(n)(z", 

/37 = |(2fp, - fx. - O = E («^o * ^(4/97-(4Sre+5Sim)x7))(n)g", 

T16N 

where Sre, Sim : C — >■ R such that Sre(x + yl^^^) = x and Sini(a; + yl^^^) = y, then 
we get 

Mk{7, 1) = G^p-'^r ® © Ca^^/?^, 

j=0 1=1 

and 

li>i,i] 



Remark a7 S g + 1[[q]]q^ since |((5Sre+Sim)x7-2p7) (d) G {0,±1,±2} for deN. 
Note C7 = f,^ = fx.^. 

4.8. the case N = 8. Put 

"8 = fp4{2> = E ((^o * P4){n)q"', 

ne4M+l 

/38 = i(f,4+fi?-2fp3), 

then we get 

[1.1,1] 



C[f,„a8,/38] ^" ^ -»A^(8,1). 
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4.9. the case N = 9. Put 

Fg = 1^%, + = 1 + 3 E (<^o * Srex9)(n)(z", 

TiGN 

as = fp3{3) = E (o-o * Pa) 

ne3M+l 



79 



:(2Fg - f^g - f^g) - Q;g, 



then we get 



C[f<f,a9,/39,79]['''''''>-A1(9,l). 



4.10. the case N = 10. Put 



7io = ^(Ff -F5 + 3G5 + 7G<'> 



5 7' 



then we get 



C[F5,G5,Gf ,710 



1 [1,1,1.1] 



>1(10,1). 



4.11. the case = 11. Put 

"11 = i(2fpii -fxiifxii -^xfi^xfi)' 

711 = Tr(fpii/3ii -aii)> 
roil = ]j(fpii7ii - aii/3ii), 
then we get 

7Wi(ll;pii) = Cfp„, 
Al5fe+2(ll;Pu) =-M5fe+i(ll;Pn^)fpii ©Ctu*^iaii, 
A^5fc+3(ll;Pn+') = M5fe+2(ll;Pn)fpii ®Cn7^i/?ii, 

7W5fc+4(ll;Pn) = A^5fc+3(ll;Pn^)fpii ©Cwfi7ii, 
.M5fe+5(ll;p?r) = ■^5fc+4(ll;p?i)fpii ©Cn7^i+\ 
_ A^5fc+6(ll;Pn) = X5fe+5(ll;Pn^)fpii ©Cwfiaii7ii, 

7W5fc+i(ll;PnXii) =A^5fc(ll;Pn^Xii)fpii ©Crofif^ii, 
etc. . . , for fc G M. We get 

c[f;,,„f^3^,fp,„5r,j^['''''''''UM(ii,i). 

4.12. the case N = 12. Put 



, (2) 

Q!i2 = ae + Q^e 



E (o-o */03)(n)g", 

ne(2M+l)\(3M+2) 



<5l2 = i(fp3+fi3>+fi3>)-3(fp4+fi?), 



712 



then we get 



C [f W, ai2, , 712, ^12] ''''''''''U A1(12, 1). 
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4.13. the case N = 13. Put 



Fl3 = 5 (f^s^ + f^a J , Gis = (f^a^ - f^3^ ) 



'^13 = T58(-3Fi3 + 24F23G13 + 2IF13G23 + 18G?3 + 3X0 - ISx, - 18yi - 35^2), 

£13 = 2T6(21F?3 - 45F23G13 + lllFi3Gf3 - 15G33 - 21x0 + 15x1 - 17yi + IGlya), 

Ci3 = tm(-6F?3 - 2IF23G13 - 54F13G23 - 75G?3 + 6x0 + 75x1 + 53yi + 682/2), 

^13 = 2l6(-63F?3 + 273F23G13 - 357Fi3G?3 + 483G?3 + 63xo - 267xi - 127yi - 975^2), 

then we get 

C[Fi3, Gi3, <5i3, ei3, Ci3, r;i3] ['''''''''''^ ^ M{13, (3)). 
Note Ci3 = f^3^£^. 
4.14. the case AT = 16. Put 

7l6 = 4(«f -/38), 



then we get 
Next, put 



C[f<t>,as,af,7i6,^f]'''''''''''-A^(16,(9)). 



then we get 
and 



F16 = ^(fxia + fxia) = 1 + E K * (Re+Im)xi6)H(z", 
G16 = ^(fxi6 - W = E K * (R.e-Im)xi6)(n)g", 



kMh{16,p'l+\i6) = Cf^^Fie e A^fc-i(16, (9))Gi6 

[1,1] 



A^(16, (9))[Fi6, Gie] ' ' ^ ^ M(16, 1). 
4.15. the case N = 18. We get 

C[f<f,a9,af ,af][^'^'^'^UM(18,(7)). 
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5. HALF INTEGER WEIGHT MODULAR FORMS 

5.1. definitions. We treat the half-integer cases. For 7 = (°^) G ro(4) and 
z € Ti, we put J(7, z) = + dY^^, where (^) is the Kronecker symbol and 
x^^^ is the "principal" determination of the square root of x, i.e. the one whose 
real part is > 0. For each k £ ^M, we define the weight k action 4, 1 r> 0{'H) by 
f\Kl{z) = J{j, z)^'^'^f{jz). If K G M, the definition is consistent with the first one. 

For K e iM and r C r(4, 1) such that r(iV, 1) C F for some N, we may define 
Mk{T) too and 

■MiM(r)= e M^{r). 

For a function (not character) p : Z/N^ C^, we may also define A4ii{N; p). 
Lemma 2. If M2k(T) n C[[g]]q'' {0}, then we see 

dim(M,(r)) < [^]. 

Proof. 

LHS = #{z I A^^F) n {q' + C[[qW+') 7^ 0} < #{0, 1, . . . , [ii^]} 

□ 

5.2. the case iV = 4. Put 



riGZ 



then we show d £ 1 (4; 



-1/2. 



Proo/. We see 19(72) = J{-i,z)pi{d)-^/'^d{z) for 7 6 Fo(4) and z G ^ (cf. [1 p241] 
or [^), i.e. i9| 17 = /94((i)^^/^i9. The holomorphy of -d follows from [21, Proposition 
1.2.4]. ' □ 

We see 

A^,+ |(4,l) = Xfe(4,l)^, 

since D by the above assertion, and dim A^j._|_ 1 (4, 1) < |] (*^+^)+i j i^y Lemma 2. 
Note fp4 — d"^ , and we get 

5.3. the case iV = 8. We show ??<2> ^ X 1 (8; ^gp^^^j^ 

Proof. For G N and 7 = ( ? ?z ) G Fo(4/i), with 7' - 7 < ( ? ) - ( c/\ 'd" ), we 
note 

(i9<''>|i7)(z) = J(7,^rV''>(7^) 
= J(7,^)-^^(7'(M) 
= J(7, z)"V(7', hz)pi{d)-^l^d{hz) 

= (f )(^)P4(d)-i/^^(M 

= (§)P4(d)-i/^^?<''>(^)- 
We get the assertion from (|) = P4Ps{p) for a prime p j^2. □ 
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We get 

Note ip, ='!?i?<2>_ 

5.4. the case N = 12. We show 

A1,+ i (12, 1) = O^'^+i e A^fe(12, l)i?<3>- 

Proof. We see i?^^^ G Ai i {12; p3p\^^) since (|) = pspiip) for a prime p 7^ 2,3. 
Thus we get D, on the other hand we see 

dim 1(12,1) <4fc + 3. 

If < is =, then there is a form x G A^^+i (12, 1) n (g^^+2 + (C[[q]]q'^''+^). It has to 
satisfy 

e A^2fe+i(i2, 1) n (g«'=+^ + C[M]g«'=+5) = {<5?2'+'}, 

<5i^2^(3>a; G A^2fc+i(12, 1) n (9^'=+=^ + C[M]g8'=+4) = ^^^(^^^ + cJis). 
We gein contradiction from 

^(3)X/(5f2 e 712 + O12. 

□ 

Note -d-d^^^ = if^ + 2ai2, and wc get 

C[i?,i?(3>,7i2,^i2]'^'^''''' ->>1im(12,1). 

5.5. the case = 16. We see ^?<^> G Mi{lQ; pl^'^) since (|) = 1 for d G 4Z± 1, 
and get 

CK%),i?gJ]f^'^'^UA^i„(16, (9)). 

Note 

- 4l?W^(4> - 

_ qTn^+n^ _ 2 ^ qm'^+n'^ _ ^ ^2(m^+n^) 

rn,n(E^ mG2Z,nG2Z+l m,nG^ 

_ ^ ^(2m)^ + (2Ti)= _|_ ^ ^(2m+l)^+(2n+l)= _ ^ q2{m^+n^) 

m^n^'L Tn,nE^ m^n^'L 

= 0, 
and thus 

^^(4) ^ ^(4)2 ^ 2l?(4)1?<^) = 1?W2 ^ 1 (^2 _ ^(2)2) ^ f2^ ^ 2a8. 
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6. HiLBERT FUNCTION 

For a graded-ring i? = satisfying dim Rk < oo for all /e G M, put 
feeM 



Dim(ii) = Y, (dimiifc)t^ e Z[[t]]. 

feeM 



We see Dim(C) = 1. 



Lemma 3. Let R = ^ Rk and n gN, then we see 
feeM 

Dto(i![XlI-l) = 

Proof. From 

{R[Xp)k = Rk® Rk-nX e Rk-2nX 



2 , 



□ 



For example. 



Next, let i? be a ring and n G N. If e XZj + R[Zi,- • ■ , Z„] (i = 1, • ■ • , n), 
then we see 

R[Zx,--- ,Zn]X = {R + R[Z,.--- ,Zn]Zi + --- + R[Zi,--- ,^„]Z„)X 

c (Oi,-- - ,o„) + fi^ + ^[^i,-- - ,^«], 

and R[Zi, ■■■ , Zn]X^ C (d, • • • , 0„) + + • • • , by induction i, thus 

Zi, • • • , Zn] = (O) + + R[Zi, ■■■ , Zn]. 
Lemma 4. For n G N, we see 

Dim(C[Xo,Xi,... ,X„+i]^i'-'iVci) = ^!/"7i^^ = E + 

(.J- ~ feeM 

where 

a = (XjXj+i — Xj i+j+i jX p+j+2 j I < i < J < n). 

Proof. By induction on n. The assertion is trivial if n = 1, and by the above 
criterion we see 

<C[Xq,X\, ■ ■ ■ ,X„+i] = {X0X2 — ^l-'^l) H h {XoXn+i — X^2+l]X^n^^) 

+ C[X,][Xo]+C[X,][X2,--- 

Therefore, we have 

C[Xo, Xi,--- ,Xn] = a + C[Xo, X,] + C[Xi, X2] + • • • + C[X„_i, X„] 

= a e c[Xo, Xi] e c[Xi, X2]X2 e • • • e c[x„_i, x„]x„. 

□ 
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Lemma 5. We see 

Dim(C[Xo,Xi,yo,n][^'^''''Va) = E + [|] + 

feeM 

where 

a = {Xf - X^YuXl - XiY2,XlXl - ¥^¥2). 

Proof. We have 

C[Xo,Xi,yi,y2] = (X^XI -FiFa) + C[Xi,X2][Fi] +C[Xi,X2][F2] 

= aec[Xo,Xi] ec[Xi,Fi]Fi ec[X2,y2]i2. 

□ 
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7. STRUCTURE 



7.1. the case iV = 1. We see 

Diin(C[X,r][2'3l) 



^2 V(l-t)(l-t2) (l_i)(l_i3) 

E ([|] - mt'-' 

fe£M 

E dimA12fe(l)^^ 

/c£M 



thus 

A1(1)~C[E4,E6]I^'«1. 

7.2. the case N = 2. We see 

7.3. the case = 3. We see 

7.4. the case N = 4. We see 

AtiM(4,l)~C[t?,a4][^'2l. 

7.5. the case N = 5. We see 

[1,1] 



A1(5,l)^C[f;,„5;] . 

7.6. the case N = 6. We see 

A^(6,l)~C[f,3,a6][^'^l. 

7.7. the case N =7. We see 

7.8. the case N = 8. We see 

MiM(8,l)^C[^,t?<2>][4'^]_ 

7.9. the case N = 9. Put 



«9 = f<f +3.lV6c 



then we see Og G X2(9,X9) n C[[g]]g2 = {0}, 

_ P — ' 
<^9 — IxqIxq 7— f — 

1X9 1X9 

and 

A^(9, 1) ~ C [«9, W9, fx9 , ^ ''''''''V(09, O^, Og)- 
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7.10. the case TV = 10. Put 

nio = 4??+(l-l^/%,(2), 
t;io=f<',^+(l + 3.li/%,<2), 

OlO = - UioVw, 
O'lo = UioUw - VioVw 

then we see 

7.11. the case N = 11. 

Ai(ii,i)^c[f;,,,,f^3^,fp,,,5r,^['''''''''V?- 

7.12. the case N = 12. Put 

ui2 = f^t^ +6Qi2 + 12af , 
t;i2 =f<4) -2ai2+4af , 

Put 

Ol2a=^?'-1?<'>i^l2, 
Ol2b = - ^Vi2, 

Ol2c = - "12^^12, 

then we see 

7W im(12, 1) - C[d, t?<3> , ui2, V12] '^'^''''V(Oi2a, Om, Ol2c). 

7.13. the case N = 13. 

7.14. the case N = 16. Put 

M16 = 1?^*^ +2-li/4t9(4>, 
z;i6=^?<'^-2-lV4^<4), 

then we see 

im(16, (9)) = C[mi6, Vie, [^■^'*V(^^'^' " ^^le^^ie)- 

7.15. the case N = 18. we put 

We = fp3 - 4a6 

r^ (2) (3) (3) 

^ {2)2 (3) 

Ol&c = 019 - Q!9Q!6 , 

then we see Oisb, Oisc G A^2(18, (7)) n g'^ = {0}, thus 
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